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Abstract. Decomposition strategies, such as cooperative coevolution-
ary (CC) algorithms, have proven effective in solving various large-scale
constrained optimization problems. This approach decomposes a large-
scale constrained problem into simpler, smaller-scale subproblems with-
out significantly affecting the performance of the optimization algorithm.
The effectiveness of the approach depends greatly on the quality of this
decomposition. An effective decomposition takes into account the inter-
actions between the variables. However, recent strategies such as RDG
and ERDG identify only additive interactions in the problem decomposi-
tion. As a result, these strategies tend to work well only for problems with
this property. Nevertheless, in real-world problems, other types of separa-
bility besides additive separability may arise. This paper proposes a new
decomposition strategy called Constrained Dual Differential Grouping
(CDDG). The novelty of CDDG is that it can be used for both addi-
tive and multiplicative separable functions, which greatly increases the
range of CC. To validate the effectiveness of CDDG, experiments and
comparisons with state-of-the-art methods are conducted. The results
demonstrate that CDDG can better adapt to the specific characteristics
of each benchmark test problem.
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Una Estrategia de Descomposicion de Alta
Precisiéon para Problemas con Restricciones a
Gran Escala

Abstract. Las estrategias de descomposicion aplicadas a problemas de
optimizacion, como los algoritmos Coevolutivos Cooperativos (CC), han
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demostrado ser eficaces para abordar diversos problemas de optimizacion
con restricciones a gran escala. Este enfoque descompone un problema
con restricciones de gran escala en subproblemas més simples y de menor
escala, sin afectar negativamente el rendimiento del algoritmo de opti-
mizacion. La eficacia del enfoque CC depende en gran medida de la
calidad de dicha descomposicién. Una buena descomposicién tiene en
cuenta la interaccién entre las variables. Sin embargo, estrategias re-
cientes como RDG y ERDG solo identifican interacciones aditivas en la
descomposicion del problema. En consecuencia, estos métodos suelen ser
eficaces tnicamente para problemas que presentan esta propiedad. No
obstante, en problemas reales pueden surgir otros tipos de separabili-
dad ademéas de la aditiva. Este articulo propone una nueva estrategia
de descomposicion denominada Agrupacion Diferencial Dual para prob-
lemas con restricciones (CDDG, por sus siglas en inglés). La novedad
de CDDG radica en mejorar la descomposiciéon en funciones separables,
tanto aditivas como multiplicativas, lo que aumenta considerablemente
el alcance de CC. Para validar la efectividad del CDDG, se llevan a cabo
experimentos y comparaciones con métodos de vanguardia. Los resulta-
dos demuestran que CDDG puede adaptarse mejor a las caracteristicas
especificas de cada problema de prueba.

Keywords: Algoritmo Coevolutivo Cooperativo, Problemas con Restric-
ciones a Gran Escala, Agrupacion Diferencial, Separabilidad Aditiva y
Multiplicativa

1 Introduction

Nowadays, many optimization problems include a substantial number of decision
variables and are subject to a number of constraints that significantly compli-
cate their solution. Such problems are called large-scale constrained optimization
problems (LSCOP) [1]. A problem is considered large in this study if it presents
scalability challenges to the most advanced algorithms. The scalability issue is
known as the curse of dimensionality, attributed to: a) the exponential increase
in the size of the search space and the number of local optima; b) numerous
fitness evaluations required for good performance; c) high interaction between
decision variables; and d) the complex search space generated by the possibil-
ity of partitioning it into multiple disconnected feasible regions [2]. Examples of
this type of problem include power system |3|, water distribution network [4],
engineering design [5], and scheduling [6] and routing problems |7].

In recent years, the approach to deal with LSCOPs has been to divide the
original problem into smaller and simpler subproblems to solve them separately.
This approach, referred to as cooperative co-evolution (CC), has been utilized
for various research objectives [8]. The CC approach is based on the divide and
conquer strategy, which consists of three stages: (1) decomposition: an original
large-scale problem, with or without constraints, is divided into simpler subprob-
lems, commonly referred to as subcomponents; (2) optimization: each subprob-
lem is solved using an evolutionary or swarm intelligence-based algorithm; and



(3) combination, in which the local solutions of the subproblems are integrated
into a context vector to create a global solution. For the CC framework to have
a favorable effect, it depends substantially on the quality of the decomposition
process [9]. For the decomposition to be effective, it depends on how accurately
the interactions between the variables are identified, so that they can be grouped
into the same subcomponents.

Within the context of LSCOP, several decomposition strategies have been
proposed, and we will briefly review them below. The decomposition of a problem
often has two components: 1) a mechanism for identifying interactions between
decision variables, and 2) a mechanism for generating a subproblem set based
on the interaction information |2|. The mechanisms used to identify interactions
in LSCOP decomposition are classified as:

— Random Grouping: is a basic technique that consists of randomly regrouping
variables after each coevolutionary cycle to increase the probability of group-
ing interacting variables. There are two main drawbacks. First, the user must
decide on the number and size of the components. Second, as the number of
interacting variables increases, the probability of grouping multiple interact-
ing variables simultaneously decreases significantly. The works of Vakhnin
and Sopov [10] and Peng and Hui |11] provide examples of this group.

— Fitness Difference Minimization: These methods focus on adaptively reorder-
ing decision variables to minimize error functions while attempting to reduce
the interaction between the resulting subcomponents. A drawback of these
methods is that they require the user to specify the number or size of each
subcomponent, such as the Variable Interaction Identification for Constrained
Problems (VIIC) method proposed by Sayed et al. |[12] and Aguilar-Justo et al.
|13] developed Dynamic VIIC to address this problem by encouraging the gen-
eration of simpler subproblems without specifying the number of subgroups.

— Finite Difference: It is currently the most effective and accurate separability
identification principle and is significantly better than the other two types
of methods mentioned above. The finite difference principle is superior in
terms of grouping accuracy and computational resource consumption, so it
is adopted by state-of-the-art grouping methods. Differential Grouping (DG)
and its extension DG2 are among the most widely used decomposition ap-
proaches, and have been applied to LSCOPs in the studies of Peng and Hui
[14] and Aguilar-Justo and Mezura-Montes [15]. However, such methods re-
quire a high computational cost in terms of fitness evaluation (FE). There-
fore, the Efficient RDG (ERDG) method |16] has emerged, which reduces the
computational cost of RDG and improves the decomposition accuracy, thus
offering significant potential for solving LSCOPs in the CC framework. ERDG
has recently been implemented for LSCOPs in our previous work published
in [17].

Although the DG, DG2, RDG, and ERDG methods are currently the most
effective, they only detect additive interactions |18]. This limits their applica-
tion to additively separable functions in LSCOPs. However, real-world problems



could also exhibit other forms of separability. The Efficient Dual DG (EDDG)
method recently proposed offers the ability to detect both additive and mul-
tiplicative interactions, achieving high efficiency and accuracy in solving large
unconstrained problems |9]. In order to expand the application of CC in LSCOPs,
this article proposes a decomposition strategy within the CC framework called
CDDG. This decomposition strategy is designed to incorporate the advantages
of EDDG to detect additive and multiplicative separability on LSCOP. To this
end, it handles two sets of decompositions: one generated from the objective
function and the other from the set of constraint functions.

The remainder of this paper is organized as follows: the next section briefly
introduces the Basic Definitions. Section 3 provides a detailed introduction to our
proposal, CDDG. Section 4 describes the numerical experiments on the bench-
mark function set. Section 5 discusses the experimental results. Finally, Section
6 concludes the paper.

2 Related Techniques

2.1 Basic Definitions

Problem Statement In a constrained optimization problem, the aim is to
optimize f(x) subject to specific constraints |19} 20]:

Optimize  f(x)
Subject to:  g;(x) <0, fori=1,...,q,
hj(x)=0, forj=1,...,m.
9i(x) and h;(x) denote inequality and equality constraints, with ¢ and m denot-
ing their respective numbers. Equality constraints are usually transformed into
inequalities as |h;(x)| — e < 0, with a small tolerance of e = 0.0001. These con-
straints define the feasible search space for the algorithm to find solutions [21].
A solution is considered feasible if it belongs to the feasible region F C S,
which is the set of solutions that satisfy all constraints. The feasibility of a
solution is determined by the sum of the constraint violations. This sum must
be 0 for the solution to be feasible, according to [19]. The sum of the constraint
violations () is represented as:

p(x) = Z mazx(0, gi(x)) + Y _ maz(0, [h;(x)| —¢) (1)

=1

The optimization process can be challenging when dealing with small or disjoint
feasible regions using evolutionary or swarm intelligence algorithms.

Definition 1 (Separability). A problem f(x) is separable if:

arg min f(x)<argn}1{inf(X1),...,argrr)l(inf(Xk)>

(z1,--,zD)



where X is a vector of D decision variables (x1,...,xp) and X1,..., Xy are disjoint
subcomponents of x which are called non-separable variable groups. k is denoted
as the number of subcomponents. When k = D, f(x) is a fully separable problem.
Otherwise, f(x) is a partially separable function.

Remark 1. A problem is considered separable when one or more variables can
be optimized independently, without taking into account the influence of other
variables. In such cases, the other variables are usually fixed by context vectors.
The variables involved in a separable function are called “separable variables” in
this work.

Definition 2 (Additive Separability [22]). If the variables of a D-dimensional
function f(x) can be divided into k (k > 2) variable groups Xi,..., Xy, satisfying:

k
i=1

then the function is additively separable.

Definition 3 (Multiplicative Separability [22]). If the variables of a D-
dimensional function f(x) can be divided into k (k > 2) variable groups X1,..., Xk,
satisfying:

1. f(x) = [y fi(X0);

2. fi(Xi) >0 or fi(X;) <0, i=1,2,...,k; (are positive or negative).

then the function is multiplicatively separable.

2.2 EDDG

The Efficient Dual DG (EDDG) method is a decomposition technique for solving
large-scale expensive optimization problems [9]. EDDG combines the efficiency of
ERDG with the ability of DDG to detect additive and multiplicative interactions,
and its process is summarized below:

1. Divide the variable x into two groups: X; (the first variable) and Xs (the
remaining variables).

2. Identify the interactions of the variables. The differences in the fitness val-
ues (f(-)) when perturbing variables in X; and X5 are calculated. If the
difference is not zero, there is an interaction.

(a) Additive interactions: suppose that X; and X5 are two mutually exclu-
sive subsets of decision variables, which means that X; N X, = &. If
there are two unit vectors u; € Ux, and uy € Uy,, two arbitrary num-
bers l1,ls > 0, and a candidate solution x* in the search space, such
that:

A?dd = f (X* + l1u1 + l2u2) — f (X»< + l2112> (3)

A3 = f (x* +lug) — f(x7) (4)
| 4399 — A3 > eqq (5)



(b) Multiplicative interaction: includes a logarithmic transformation to con-
vert multiplicative interactions to additive interactions using the same
approach as additive interactions.

APy (F (x* 4 [iug + loug)) — In (f (x* + louy)) (6)
AP =1 (f (x* +liug)) — In (f (x7)) (7)

| AP — AR > e (8)

cadd = VD + 2 (If ()| + [F )]+ | F3)| + [F )] (9)

Emutti = YV D + 2+ (|In(f(x))| + [ In(f (x))[ + [ In(f (¥)) [+ | In(f(y")]) (10)

Eadd and &4+ are adaptive thresholds, v4/ D + 2 is associated with the IEEE
754 rounding error [23|. Here x, x’, y, and y’ denote different evaluation
points for identifying interactions according to RDG2 [24].

3. Group if there is an interaction. Integrate X; with the variables of X5 re-
sponsible for the interaction. If there is no interaction, label X; as separable
and proceed with the other variables.

4. Repeat the process recursively. Divide X5 into smaller subgroups and repeat
steps 2 and 3.

5. Treat large groups. If a resulting group is too large, divide it randomly into
smaller groups, even if you lose theoretical accuracy.

EDDG simultaneously detects additive and multiplicative interactions with-
out increasing FEs, reducing the computational cost to O(D log D) like ERDG.

3 Decomposition Strategy: CDDG method

Our proposed method, “Constrained Dual Differential Grouping” (CDDG), im-
proves the accuracy of decomposition in constrained problems by combining the
efficiency of EDDG in detecting additive and multiplicative interactions with
that of CEDG [17] in identifying structure in constrained spaces. Both CEDG
and EDDG benefit from the efficiency of ERDG. CDDG determines additive
and multiplicative separability in both the objective function and the constraint
variables. Algorithms [I] and [2] detail this procedure.

The Algorithm [I] starts by assigning z; to X; and the other variables to
Xs. Iteratively, it evaluates the interactions between X; and Xs, reassigning
the variables between the sep and nonsep groups according to the interaction
analysis. Similar to |11} 25|, CDDG selects the value of the objective function
or constraint violations based on flag. The selected value is stored in F for
later detection of interactions between variables. Unlike EDDG, CDDG uses an
mx4-dimensional matrix F, where the m rows correspond to the number of con-
straints if flag = ‘cons’; otherwise, m is 1 (single objective function). Moreover,
CDDG maintains the sizes of the non-separable subcomponents (NonSeps) for



enhanced decomposition accuracy and groups the separable variables into a sin-
gle subcomponent (Seps). The CDDG returns the seps and nonseps groups,
which create the initial subcomponents of the process.

Algorithm 1 CDDG process

Require: objective function: f(-), lower and upper bound: lb, ub, an indicator: flag
Ensure: separable groups: sep, nonseparable groups: nonsep

1: sep,nonsep < 0

2t xp,1 = Ib, (yi,1,viog:) + f(xi,1)

3: if flag = ’cons’ then

4: Yi1,1 + vioy

5: end if

6: X1 « {ml}, Xo {Ig, ...,ID}

7: while X5 # 0 do

8: Xu,l = X1,1, Xu,1(X1) < ub(X7)
9: (Yu,1, vi0u,1) + f(Xu,1)

10: if flag = ’cons’ then

11: Yu,l $ Vi0y g

12: end if

13: for i =1 to m do

14: F; < {v1,1(¢), Yu,1 (), nan, nan}
15: end for R

16: (X1, Badds Bmuiti) < Interact(X1, X2,%;,;, Xq,1, ub, 1b, F, flag)
17: if | X1"| = |X1| then

18: if [X1*] > 1 then

19: nonsep <+ nonsep U {X1"}
20: else

21: sep < sepU X1

22: end if

23: X1 +— {Z}, Xo +— Xo — {I}
24: else

25: X1 (—Xl*,XQHngXl
26: end if

27: end while

Algorithm [2] calculates the additive (line 15) and multiplicative (line 19)
differences for each function associated with a row of F, i.e., for each F;. This
enables simultaneous detection of variable interactions across all functions. If
X7 and X5 have neither additive nor multiplicative separability, X5 is split
into two equal disjoint subsets, X} and X4 (line 29), and the interaction of
X, with these subsets is evaluated recursively until all variables interacting with
X are identified. By splitting X, if X; does not interact with X}, it follows
that it interacts with X7 (line 34). Similarly, if X; interacts with X/ and either
Badd = Badd or Buiti = Bmulti is met, the CDDG determines that X; does not
interact with X4 (line 41). This structure, adapted from ERDG, enables CDDG
to save FEs throughout the decomposition process.

4 Experimental Study

In this section, we perform numerical experiments to evaluate our proposal:
CDDG. The “Experimental Setup” subsection details the experimental design,
while the “Experimental Results” subsection provides the results of our proposal
along with comparative methods.



Algorithm 2 Interact

Require: Xi, X2, X1, Xu,1, ub, 1b, F, flag

Ensure: X7, Badd, Bmuiti

1: initialize VecNS, NS « 1

2: if F[1,2] = nan then > column 3 of F is NaN
3: Km,l < X1

4 mel(XQ) <~ (lb(XQ) + llb(Xz))/2

5: Xu,m < Xu,l

6:  xum(Xz2) < (Ib(X2) +ub(X2))/2

7: o (F[:2),viom ) < f(Xm,1)

3 (F[:7 3]7 'Uiou,'m) — f(xu,'m)

9: if flag = ’cons’ then

10: F[:,2] < viom,1 , F[:, 3] < vioy,m

11: end if

12: for i = 1 to m do

13: A o (F[4,0] — F[4,1]), A3 « (F[4,2] — F[4,3])
14: Bada < A — A3d9]

15: if elements in F' are all positive then

16: Al°E  In(F[4,0]) — In(F[i, 1)),

17: AYE « In(F[i,2]) — In(FJi, 3])

18: Bumulti + |AYE — AYE|

19: end if

20: if Badd < €add and Bmulti < Emulti then

21: VecNSJi] «+ 0

22: end if

23: end for

24: NS <« max(VecNS) > NS=0 indicates separable variable
25: end if

26: if NS = 1 then
27: if len(X2) > 1 then

28: Divide X3 into Xé y Xé’

29: F’ ={F[;0], F[:, 1],nan, nan}

30: (X1, Badd, Bmuiri) = Interact(X1, X5, %11, %y, ub, b, F’, flag)

31: if Badd # Badd and Bmuiti # Bmuiti then

32: if len(X7) = len(X1) then

33: (X1, Bl aas Bowwiei) = Interact(X1, X5, x1.1, %y 1, ub, 1b, F, flag)
34: else

35: F’ = {F[:,0], F[:, 1], nan, nan}

36: (XY, Bla Binuirs) — Interact(Xy, X4/, %11, %,.1, ub, Ib, F', flag)
37: end if

38: X, + X[ UX/

39: else

40: X1+ X}

41: end if

42: else

43: X; « X, UX;,

44: end if

45: end if

4.1 Experimental Setup

Our proposal is compared with the most recent decomposition techniques in the
literature: CEDG and RDG |[1] used for LSCOPs. The latter has been used in
COCC-SF-DE [1] and COCCBSO20 [26].

Benchmark functions We adopt a benchmark function set consisting of 12
constrained functions proposed by [1|, which are classified into 5 different cate-
gories. Each function is run 25 times with up to 3 - 10 FEs.

C1: f; is a fully-separable function



C2: f>-f3 are partially additive separable functions I
C3: fi4-fs are partially additive separable functions II
C4: fo-f10 are overlapping functions

C5: f11-f12 are fully non-separable functions

These 12 benchmark functions are the most recent; yet, they are not mul-
tiplicatively separable. To address this, we designed four Extended LSCOP
(ExLSCOP) constructed and transformed from two multiplicatively separable
basis functions. The Product of Squares Function (Fprodsqu) and the Product of
Rastrigin Function (Fprodras), which were designed by [27], are included. We add
a constraint of the additive separability type to each basis function to demon-
strate that our CDDG method detects both types of separability simultaneously.
The four ExLSCOP are shown below in Table [Il

Evaluation Metric We evaluate CDDG’s performance using decomposition
accuracy (DA). DA uses two indicators: (1) the number of FEs used to de-
compose the problem, and (2) the percentage of interacting decision variables
grouped correctly. The best performance is defined by accuracy, but when meth-
ods achieve the same accuracy, the one requiring fewer FEs is superior |16]. Let
nonsep and sep denote the groups of non-separable and separable variables, re-
spectively. nonsep’ and sep’ denote the grouping result of a grouping method.
The grouping accuracy of a method is defined as follows.

1. For separable variables
|sep’ N sep|
sep
2. For non-separable variables

> lal
gi€Enonsep’

Z |9l

gi;€nonsep

4.2 Experimental Results

Table 2] summarizes the decomposition results. To enhance the readability of the
table, rows associated with function results are interlaced with light gray shad-
ing. For additively and multiplicatively fully separable functions, such as f1, fis,
and fi4, CDDG performs similarly to the other methods that were compared.
For these functions, the methods succeed in determining 100% DA. Conversely,
none of the decomposition methods can identify the separable variables in the
objective function of f3. Instead, they are all grouped into a single non-separable
subcomponent. This difficulty may be due to the smooth interactions of the Ack-
ley objective function, which directly affects the threshold €,44. While the other
methods fail for functions f4, f¢, f15, and fi5, CDDG achieves 100% accuracy



Table 1. Extended Benchmark Functions for LSCOP(ExLSCOP)

Func Categor; Objective Function and Constraint
gory J
22
Fi3(x) = Fprodsqu(z) — 1 = I—L N (3’ + 1) —1
fis Fully Separable G(z)=4— ZD |zi| <0
— Problem =1 — > -
p F14(x Fprodras(z) 1= Hil (zl—wcos]-()z«z,)ﬂu + 1) _1
14

G(z)=4-%2, |zl <0

fis |Partially separable
problem with
groups
D Fig(x) = Hk 1 Frot_prodras [2(Pk—1)sm+1 ¢ Prwm)] - Forodras [Z(P%H 5PD)} -1

G(z) = 312, [27 — 5000 cos(0.17z;) — 4000] < 0

Fi5(x) = [177, Frot_prodsqu [2(Ph—1)sxm+1 ¢ Prsm)] - Forodsau [Z(P%Jrl 5PD)} -1
G(2) = Y72, [27 — 5000 cos(0.172;) — 4000] < 0

fie

z = x + 0; o is the shifted global optimum.
P is a random permutation of all variables.
Fiot(x) = F(x - M) where M is a rotation matrix.

for partially separable and overlapping functions. CEDG’s inaccuracy in decom-
posing f4 and fg may be due to its use of an ¢,44 adopted from Sun et al. |28§],
whereas CDDG and RDG use an g44g defined in their original papers Xu et al.
[1]. CEDG and RDG only identify 10% of multiplicatively separable variables
for fi14 and f14 because they rely on the DG principle, which can only identify
additive separability. Regarding FEs consumption, the table shows that CEDG
is slightly better than CDDG and significantly better than RDG. The slight dif-
ference between CDDG and CEDG is primarily due to the size of their respective
subcomponents. However, CDDG still saves more FEs than RDG.

5 Conclusion

This paper introduces CDDG as a method for addressing Large-Scale Con-
strained Optimization Problems (LSCOPs). We propose a decomposition tech-
nique, CDDG, capable of identifying both additively and multiplicatively sepa-
rable variables,which can subsequently be integrated into a unified CC frame-
work. In addition, an extension of LSCOP called ExLSCOP was developed.
The instances in ExLSCOP are constructed based on multiplicative separabil-
ity and consist of four benchmark problems, each with a single constraint and
1,000 dimensions. ExXLSCOP addresses the gap in existing benchmarks, which
previously lacked such problem types. We compared CDDG with leading de-
composition methods on LSCOP and ExLSCOP. CDDG decomposes problems
effectively and achieves higher overall accuracy, especially on additively and mul-
tiplicatively separable benchmark functions. Future work will integrate CDDG
into a CC algorithm and analyze its performance using recent optimization al-
gorithms to solve LSCOP problems with multiplicative and additive separability
properties.



Table 2. The DAs and FEs used from CDDG, CEDG, and RDG in LSCOPs. The
results of best performing algorithms are highlighted in boldface.

Function | FEs ga?d?y FEs Aii?a?y FEs A?c?rfcy
D Used Sep Non-Seps Used Sep Non-Seps Used Sep Non-Seps
APEE BT T
| s 0 19 v ot 209% | S 10
2 %’;J 14773 0% igg;‘: 14856 0% }88;‘2 29355 0% }88?{3
f1 %bbf 20386 }gggz 18175~ 1505(;{;5 37962 }88;‘3
f5 %’if 17168 }882 17138 iggg‘: 37638 }88‘;3
fo GC;’:;J' 0092~ 100% o600 T 8% lesaze - 100
fr %Zj 18204 T (00 Jigigs © 10076 |gggz - 00
fs Gé’iﬂ' 810 © 100 ligeez T 10006 |gggn - (OO0
fo Gé’f 28138 | oo 100% | 95101 . 5% I53862 N L0
10 ch:jj 16539 iggé 15416 SZZZ 34662 igggg
11 %;j 13852 }88?‘; 13831 igg;‘z 25494 1882
I N R AN
fis g;”f 5096 1000 T |s996 100% - |s004 1005 -
fa g:’” 5996 }ggé "~ |5906 }ggg‘j © |5994 iggg‘; -
ol oo 050 1005 L 0 10 B

Gopj*=Groupoys; Go*= Groupy
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